This paper investigates the consensus problem of multiple uncertain Lagrangian systems with switching topologies. Due to the discontinuity resulted from switching topologies, achieving consensus in the context of uncertain Lagrangian systems is challenging. We propose a new adaptive controller based on dynamic feedback to resolve this problem and additionally propose a new analysis tool for rigorously demonstrating the stability and convergence of the networked systems.
Abstract-This paper investigates the consensus problem of multiple uncertain Lagrangian systems with switching topologies. Due to the discontinuity resulted from switching topologies, achieving consensus in the context of uncertain Lagrangian systems is challenging. We propose a new adaptive controller based on dynamic feedback to resolve this problem and additionally propose a new analysis tool for rigorously demonstrating the stability and convergence of the networked systems. The new introduced analysis tool is referred to as uniform integral-Lp stability, which is motivated for addressing integralinput-output properties of linear time-varying interconnection systems. It is shown that the consensus errors between the systems converge to zero so long as the union of the interaction graphs in each of an infinite sequence of time intervals contains a directed spanning tree. The performance of the proposed adaptive controller is shown by a numerical simulation.
I. INTRODUCTION
Controlled collective behaviors of networked systems are of particular interest in recent years due in part to their potential applications in many engineering problems [e.g., cooperative monitoring by multiple unmanned aerial vehicles (UAVs) and synchronized manipulation by multiple robots]. To serve this purpose, many distributed controllers have been proposed to resolve the fundamental problems in maintaining the collective motion of networked systems, e.g., issues concerning interaction topology [1] , [2] , [3] , [4] , [5] , communication delays [6] , [7] , [8] , [9] , [10] , [11] , and model uncertainties [9] , [12] , [10] , [11] , [13] ; see also [14] and the references therein.
It might often be the case that the network issues are intertwined with the dynamics of agents (e.g., nonlinearities and uncertainties), e.g., the collective control of multiple Lagrangian systems [6] , [15] , [16] , [9] , [17] , [18] , [19] , [12] , [10] , [11] , [20] , [21] . In particular, dynamic feedback is proposed for achieving consensus [12] , [11] , secondorder consensus [13] , [22] , flocking [20] , or robustness with respect to communication delays [10] , [21] ; new tools are also introduced to resolve the related new issues, especially in the case of a directed topology (e.g., iBIBO-stabilitybased analysis in [11] , [22] and small-gain-based analysis in [10] ). The issue of switching topologies in the context of multiple Lagrangian systems is addressed in [6] , [3] , [4] , [5] , [23] . The control schemes in these results can be grouped into two categories: passivity-based scheme (e.g., The author is with the Science and Technology on Space Intelligent Control Laboratory, Beijing Institute of Control Engineering, Beijing 100094, China (e-mail: hlwang.bice@gmail.com). [3] , [4] , [23] ) and dynamic-compensator-based scheme (e.g., [5] ). The passivity-based adaptive scheme, as stated in [24] , [9] , gives rise to the consequence that the positions of the systems converge to the origin in the presence of gravitational torques. The dynamic-compensator-based scheme in [5] , by separating the design of the network coupling and that of the controller for each system, avoids this issue but this kind of distributed-observer-based control relies on the communication of artificially produced quantities (not physical quantities such as positions or velocities); in addition, this scheme is not highly manipulable in the sense of [25] , i.e., the consensus behavior cannot be maintained well in the case of an external physical input action (e.g., an external human input) (mainly due to the fact that the network coupling dynamics acts as a reference command and it does not respond to the physical evolution of the system except for the special case of directly maneuvering an explicit physical leader). In this sense, the consensus problem for multiple uncertain Lagrangian systems with switching topologies in the case of only using the physically coupled action is still unresolved. The sole use of the physically coupled action mimics the collective behaviors in nature, and is meanwhile cost-efficient since the communication between the neighboring systems is not required. Even in the case that the communication channels are established among the neighboring systems, the incorporation of the physically coupled action is preferable for its potentially strong manipulability in the sense of [25] .
In this paper, we propose an adaptive controller based on dynamic feedback for realizing consensus of multiple Lagrangian systems with switching directed topologies. To show the convergence of the system, we establish several new input-output properties concerning linear time-varying systems (which results from the switching topologies). These new input-output properties are referred to as uniform integral-L p stability since it involves linear time-varying systems and describes the relation between the integral of the input and the output, in contrast with the standard L p stability concerning the relation between the input and the output for linear time-varying (or time-invariant) systems (see, e.g., [26] , [27] , [28] , [29] , [30] ) and also with the integral-L p stability concerning marginally stable linear time-invariant systems (see, e.g., [25] , [22] ). By the introduced new analysis tool, the convergence of the consensus errors is rigorously shown under the condition that the union of the interaction graphs in each of an infinite sequence of time intervals contains a directed spanning tree. The proposed adaptive controller only uses the physically coupled action between the neighboring systems, in contrast with [5] , and in addition the proposed adaptive controller ensures that the positions of the systems converge to a common value which is typically nonzero, in contrast with the passivity-based adaptive schemes in, e.g., [3] , [4] , [23] (the consensus equilibrium of the system under these passivity-based adaptive schemes is the origin in the presence of gravitational torques, as is demonstrated in [9] , [24] ). The condition that the interaction topologies are balanced or regular (see, e.g., [6] , [3] , [4] , [23] ) is no longer required due to the proposed adaptive controller based on dynamic feedback and the proposed new analysis tool. Another related result is given in [31] concerning uncertain high-order systems on switching topologies, and it is shown by the Lyapunov-based analysis that consensus can be achieved on jointly connected and undirected topologies; the extension of this result to the more general case of switching directed topologies is, however, hindered by both the employed Lyapunov-based analysis and the design approach.
The adaptive controllers in [12] , [11] , [22] , [20] , [10] also rely on dynamic feedback yet no attempts are devoted to accounting for switching directed topologies. Our result takes into consideration the case of switching directed topologies and in particular resolves the issues concerning discontinuity and time-varying nature of the system by resorting to dynamic feedback and a new analysis tool (i.e., the uniform integral-L p stability).
II. PRELIMINARIES

A. Graph Theory
Let us present a brief introduction concerning the graph theory [32] , [33] , [1] , [2] , [34] in the context that n Lagrangian systems are involved.
Following the typical practice, we adopt a directed graph G = (V, E) for describing the interaction topology among the n systems where V = {1, . . . , n} is the vertex set that denotes the collection of the n systems and E ⊆ V ×V is the edge set that denotes the information interaction among the n systems. A graph is said to contain a directed spanning tree if there exists a vertex k * ∈ V such that any other vertex of the graph has a directed path to k * . Denote by N i = {j|(i, j) ∈ E} the set of neighbors of the i-th system. The weighted adjacency matrix W = [w ij ] associated with G is defined in accordance with the rule that w ij is strictly positive in the case that j ∈ N i , and w ij = 0 otherwise. Concerning the diagonal entries of W, the standard assumption that w ii = 0, ∀i = 1, . . . , n is employed. With the weighted adjacency matrix W, the Laplacian matrix L w = [ w,ij ] associated with G is defined in accordance with the rule that w,ij = Σ n k=1 w ik in the case that i = j, and w,ij = −w ij otherwise.
In the case of switching topologies, the interaction graph among the systems is time-varying. Denote by G S = {G 1 , . . . , G ns } the set of the interaction graphs among the n systems, and these graphs share the same vertex set V but their edge sets may be different. The union of a collection of graphs G i1 , . . . , G is with i s ≤ n s is a graph with the vertex set given by V and the edge set given by the union of the edge sets of G i1 , . . . , G is . Let t 0 , t 1 , t 2 , . . . denote a series of time instants at which the interaction graph switches, and in this paper these instants are assumed to satisfy the condition that 0 = t 0 < t 1 < t 2 < . . . and that T D ≤ t k+1 − t k < T 0 , ∀k = 0, 1, . . . for some positive constants T D and T 0 where the assumption that t k+1 − t k ≥ T D , ∀k = 0, 1, . . . is standard in the case of switching topologies (see [34] for the detail).
B. Equations of Motion of Lagrangian Systems
The equations of motion of the i-th Lagrangian system can be written as [35] , [36] 
where q i ∈ R m is the generalized position (or configuration),
is the Coriolis and centrifugal matrix, g i (q i ) ∈ R m is the gravitational torque, and τ i ∈ R m is the exerted control torque. Three well-known properties associated with the dynamics (1) are listed as follows. Property 1 ([35] , [36] ): The inertia matrix M i (q i ) is symmetric and uniformly positive definite.
Property 2 ([35] , [36] ): The Coriolis and centrifugal
Property 3 ([35] , [36] ): The dynamics (1) depends linearly on a constant parameter vector ϑ i , which thus yields
where ζ ∈ R m is a differentiable vector,ζ is the derivative of ζ, and Y i (q i ,q i , ζ,ζ) is the regressor matrix.
III. CONSENSUS WITH SWITCHING TOPOLOGIES
In this section, we develop an adaptive controller to realize consensus of the n Lagrangian systems with switching topologies, i.e., q i − q j → 0 andq i → 0 as t → ∞, ∀i, j = 1, . . . , n. To this end, let us introduce the following dynamic systeṁ
with α being a positive design constant and z i ∈ R m , and define a sliding vector
The adaptive controller for the i-th system is given as
where K i and Γ i are symmetric positive definite matrices, andθ i is the estimate of ϑ i . The adaptive controller given by (5) , by using the quantities z i andż i as the reference velocity and reference acceleration, respectively, extends the standard adaptive controller in [41] to address the issue of interconnection among the systems. The introduction of (3) is inspired by the definition of the reference acceleration in [12] , [11] in the context of fixed directed topologies and partly by the result in [20] (concerning flocking on undirected topologies), due to which the control torque as well as the parameter adaptation law given in (5) avoids involving the differentiation of discontinuous quantities, in contrast with [9] , [18] , [12] , [11] . The adaptive controller given by (5) yields the following dynamics that describes the dynamic behavior of the i-th system
Theorem 1: If there exist an infinite number of uniformly bounded time intervals [t i , t i +1 ), = 1, 2, . . . with t i1 = t 0 satisfying the condition that the union of the interaction graphs in each time interval contains a directed spanning tree, then the adaptive controller given by (5) ensures consensus of the n Lagrangian systems, i.e., q i − q j → 0 andq i → 0 as t → ∞, ∀i, j = 1, . . . , n.
Before proving Theorem 1, we first present the following proposition for describing the integral-input-output properties of linear time-varying systems.
Proposition 1: Consider a linear time-varying system with an external inputẏ = A(t)y + u (7) where y ∈ R m0 is the output, A(t) ∈ R m0×m0 is the system coefficient matrix and is uniformly bounded, and u ∈ R m0 acts as the external input. If the linear time-varying system is uniformly exponentially stable 1 , the system (7) is uniformly integral-bounded-input bounded-output stable, i.e., if 
According to the input-output properties of uniformly exponentially stable linear time-varying systems (see, e.g., [37] ), we obtain from (8) that y * ∈ L ∞ in the case that u * ∈ L ∞ , which immediately leads us to obtain that y = .  For p ∈ [1, ∞) , we first consider the case that c = 0. The uniform exponential stability of the time-varying systeṁ y * = A(t)y * implies that there exist positive constants 1 and 2 such that [37] |Φ(t, t 0 )| ≤ 1 e − 2 (t−t0) , ∀t ≥ t 0 , ∀t 0
where Φ(t, t 0 ) denotes the transition matrix of the timevarying system, and | · | denotes the norm of a matrix. For 1 For linear time-varying systems, it is well recognized that the uniform asymptotic stability is equivalent to uniform exponential stability (see, e.g., [37] ). the system (8) with u * as the input and y * as the output and with the transition matrix satisfying (9), it can be shown from the existing literature (see, e.g., [28] , [29] , [26] , [30] ) that if u * ∈ L p , then y * ∈ L p . Therefore, we obtain that y = y * + t 0 u(σ)dσ ∈ L p . In the case that c = 0, we can redefine y * and u * as y * = y− t 0 u(σ)dσ−c and u * = t 0 u(σ)dσ+c, respectively, and equation (8) with this redefinition still holds. Therefore, the same conclusion follows.
Remark 1: The L p stability described in Proposition 1 as well as the proof extends the existing results for linear timevarying systems (see, e.g., [28] , [29] , [26] , [30] , [37] ). The main difference is that the L p stability here is concerning the relation between the output and integral of the input (in contrast with [28] , [29] , [26] , [30] , [37] ), and we thus refer to these integral-input-output properties as uniform integral-L p stability. The results given in [38] , [39] consider the response of a controlled chain of integrators under a disturbance that is both bounded and integral-bounded while here we consider the case that the external input is only integral-bounded [or that the integral of the external input belongs to L p , p ∈ [1, ∞)].
Proof of Theorem 1: Following the typical practice (see, e.g., [40] , [41] ), we consider the Lyapunov-like function candidate
i Δϑ i and its derivative along the trajectories of the system can be written as (using Property 2
From the first two subsystems of (6), we obtain thaẗ
(10) To this end, define a sliding vector (the same as [6] )
and by this vector, we can rewrite (10) aṡ
Stacking up all the equations that are expressed as (12) yieldṡ
where ξ = [ξ T 1 , . . . , ξ T n ] T and s = [s T 1 , . . . , s T n ] T , ⊗ denotes the Kronecker product [42] , and the Laplacian matrix L w (t) is switching (not continuous) due to the switching of the interaction graph. Let ξ E,i = ξ i − ξ i+1 , i = 1, . . . , n − 1 and ξ E = [ξ T E,1 , . . . , ξ T E,n−1 ] T , we then obtain (by following [34] )ξ
where Ω(t) is a time-varying matrix (due to the switching of the interaction graph) and [34, p. 48, p. 49 ], the linear timevarying systemξ
is uniformly exponentially stable. Then in accordance with Proposition 1, we obtain from (14) that (11) , we can directly obtain that (16) and further thatq
with
and q E → 0 as t → ∞ from the input-output properties of exponentially stable and strictly proper linear systems [26, p. 59 ]. Using (4), equation (3) can be rewritten aṡ
Δs,i (18) and considering the fact that Δ s,i ∈ L 2 ∩ L ∞ , we obtain that z i ∈ L 2 ∩ L ∞ ,ż i ∈ L 2 ∩ L ∞ , and z i → 0 as t → ∞ from the input-output properties of exponentially stable and strictly proper linear systems [26, p. 59] , ∀i. Therefore,
From the third subsystem of (6) and using Property 1, we obtain thatṡ i ∈ L ∞ and thus s i is uniformly continuous, ∀i. From (10), we obtain thaẗ q i ∈ L ∞ , ∀i. From the properties of square-integrable and uniformly continuous functions [26, p. 232] , we obtain that s i → 0 as t → ∞, ∀i. Hence,q i → 0 as t → ∞, ∀i.
Remark 2: An important portion in the proof of Theorem 1 is to analyze the system (14) with s E ∈ L 2 ∩ L ∞ (but we do not know properties directly concerningṡ E ). This is different from the standard setting of input-output properties of dynamical systems (see, e.g., [28] , [26] , [27] , [43] , [30] , [37] ), which typically involves the relation between the input and output/state. Here we only know some properties of the integral of the inputṡ E , i.e.,
IV. SIMULATION RESULTS
Consider a network consisting of six standard two-DOF (degree-of-freedom) robots moving in the horizontal plane, and the interaction graph among the six robots randomly switches among the ones shown in Fig. 1 . Physical parameters of the robots are not listed here for saving space. The sampling period is chosen as 5 ms. The interaction graph randomly switches among the three graphs in Fig. 1 every 50 ms according to the uniform distribution, and the union of the interaction graphs is shown in Fig. 2 .
The initial joint positions of the robots are set as q 1 (0) = [π/6, π/3] T , q 2 (0) = [−π/6, π/6] T , q 3 (0) = [−π/2, π/2] T , q 4 (0) = [π/3, −π/6] T , q 5 (0) = [−2π/3, −2π/3] T , and q 6 (0) = [π/2, −π/2] T . The initial joint velocities of the robots are set asq i (0) = [0, 0] T , i = 1, . . . , 6. The controller parameters are chosen as K i = 30.0I 2 , α = 3.0, and Γ i = 6.0I 3 , i = 1, . . . , 6. The initial value of z i is set as z i (0) = [0, 0] T , i = 1, . . . , 6. The entries of the weighted adjacency matrix W(t) are set as w ij (t) = 1.0 if j ∈ N i (t), and w ij (t) = 0 otherwise. The initial parameter estimates are chosen asθ i (0) = [0, 0, 0] T , i = 1, . . . , 6. The joint positions of the robots are shown in Fig. 3 and Fig. 4 .
V. CONCLUSION
In this paper, we have investigated the consensus problem for networked Lagrangian systems with switching directed topologies. A new adaptive controller is developed by employing dynamic feedback and a new analysis tool referred to as unform integral-L p stability is introduced for analyzing the stability and convergence of the networked systems. It is shown that the proposed adaptive controller ensures consensus of the systems provided that the union of the interaction graphs in each of an infinite sequence of time intervals contains a directed spanning tree. A numerical simulation is provided to show the performance of the proposed adaptive controller. 
